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ABSTRACT
It has been known since the days of Karl Pearson that ratios of pairwise independent random variables are correlated [23] . However, recognition of the unit sum constraint and hence appropriate methods for analysis of relative abundance have been slow to emerge [4] .
Analysis of the relative abundance of multiple components is a characteristic of compositional data. In this thesis, we demonstrate that the compositional data analysis framework is ideally suited to exploring and analyzing the relative abundance of proteoforms measured using Mass Spectrometric Immuno Assays (MSIA). We will introduce basic concepts of compositional data and associated analysis methods. We demonstrate the application of these concepts by exploring the association of human serum albumin's post translational modifications and kidney function in patients with Type 2 diabetes mellitus. Finally, we discuss the pitfalls of ignoring the compositional nature of such data, and highlight emerging applications demonstrating the generality of the framework.
INTRODUCTION
Karl Pearson [23] used the relative ratios of human bones to illustrate the issue of spurious correlation. Design or measurement procedures in several modern scientific analyses lead to relative abundance data. Examples of such data are output from high-throughput omics technologies such as Mass Spectrometric Immuno Assays (MSIA), RNA-Seq and metagenomics. Compositional data analysis is a robust framework developed to address issues in inference arising due to this induced correlation in relative abundance data [1] .
Particularly, it allows interpretation of complicated covariance structure, guarantees consistency between analyses of a part and the whole composition, and permits the use of standard multivariate statistical methods, all the while respecting the structural constraints inherent in the observed data. In this thesis, we will show how the MSIA compositions whose components are proteoforms can be analyzed using the compositional framework.
Proteoforms are post translational modifications of proteins giving rise to new functional capabilities or regulation of the cellular environment [29, 14] . Some of these proteoforms have been implicated in diseases such as cancer [9] and age related dementia [24] . Identifying these proteoforms with sensitivity and specificity has been a challenge, especially when the abundance is low. Mass Spectrometry Immuno Assay (MSIA) is an approach developed to address these challenges. MSIA combines the sensitivity of the immuno assay based approaches with the specificity of detection from mass spectroscopy. All proteoforms that differ in their mass to charge ratio are captured using a single antibody.
These proteoforms are then eluted directly on a mass spectrometer tip along with an aliquot of matrix solution. Proteoforms are then detected at their unique mass to charge ratio in MALDI time-of-flight mass spectrometry. This results in the mass spectra whose area under the curve are the raw values of relative signals of the proteoforms. Nelson, et al. [19] is a useful reference for the details of this approach.
The use of immuno based assays to enrich for proteoforms imposes a constraint on the measurement of their concentrations. Thus the resulting peak areas capture information on relative abundances of the proteoforms rather than their absolute concentration.
We begin by introducing the elements of compositional framework essential to our analysis of MSIA compositions. We also discuss the normalization scheme provided by the compositional structure. We illustrate use of this framework by exploring MSIA measurements of albumin proteoforms from patients with Type 2 diabetes mellitus. Many of these patients also have impaired renal function, and we explore and infer proteoform differences associated with chronic kidney disease (CKD). We conclude with remarks on our analysis of albumin proteoforms, and discuss emerging compositional data applications in genomics.
A SYNOPSIS ON COMPOSITIONAL FRAMEWORK
A compositional data matrix may be given by:
where V j ; i = 1, 2, . . . , D are the components forming the columns of M and S i ; i = 1, 2, . . . , n are the samples giving the rows of M. Assuming S i to sum to 1 with non-zero components,
we can see that each row, S i , of M is a point of S d , where
Note that the dimension of the simplex is d = D − 1. We will use the convention d = D − 1 in the rest of the thesis. The unit sum constraint is critical and induces correlation between the parts of the composition. Thus an important assumption in applying this framework is that the relative proportions and their covariance is of interest irrespective of the total sum of the composition, which is normalized to 1. The following two principles in compositional framework ensure consistency in inference and compliance with the aforementioned requirements:
1. Scale invariance, and 2. Sub compositional coherence which means the inference from a subset of parts should be consistent with the inference from the full composition.
Modeling the data using logistic normal distributions allows for the lack of independence due to the unit sum constraint at the same time providing a sub compositionally coherent model [1] .
To understand how this is done, consider an element
the additive log ratio transform is defined as:
Given φ and a normal distribution
We can define
the logistic normal density function by:
where µ is the location parameter in R d and Σ is the d × d variance-covariance matrix. In the following, we will denote this d dimensional logistic normal distribution by L N d and
A will denote the transpose if A is a matrix.
The space S d can be given the structure of a vector space. Let C denote the closure operator on R D * , the space of all non-zero D dimensional vectors, which normalizes a non-zero vector to the unit sum simplex.
and α ∈ R, we then define two operations on S d given by:
The operations in equations (2.5) The linear transformation log defined on S d by 
Notice the space 1 c D consists of vectors in R D with mean 0 and is isomorphic to R d as a vector space. Thus we get an invertible linear map L on S d given by,
where g D (x) is the geometric mean of the components of the vector x ∈ S d . This transformation is called the centered log ratio. Note that log(g D (x)) is the mean of the vector (log(x 1 ), log(x 2 ), . . . , log(x D )) ∈ R D and hence the name of the transform.
Using this transform one can introduce a metric on S d given by
for any x, y ∈ S d . This is the composition (in the sense of a function) of the usual euclidean metric on 1 c D induced from R D with the centered log ratio. This makes S d a complete inner product space, also called a Hilbert space [22, 7] . The associated inner product is given by the matrix corresponding to the projection of R D on 1 c D , namely, We now show how the logistic normal follows the principle of subcompositional coherence.
In terms of the data matrix M, a subcomposition means a sub-matrix of M containing all its rows, but only a subset of its columns. If U = {i 1 , i 2 , . . . , i n } is such a subset then the matrix corresponding to this subcomposition is
is a row of M U then the result of the closure operation is
, . . . ,
is the data matrix of the subcomposition represented by U.
Note that if P is the n × D projection matrix given by
where
Scale invariance implies that the distribution induced by P, on the simplex defined by components of U, coincides with the distribution L N n−1 (P(µ), P ΣP). Thus by defining the logistic normal L N n−1 (P(µ), P ΣP) as a model for M C(U) , any inference procedure that relies on the properties of the logistic normal is assured of satisfying the principle of subcompositional coherence [6] .
We now reveal this structure in our data of proteoform abundance measured using MSIA. A comprehensive collection of analytical techniques and applications of compositional framework is available in the book Pawlowsky-Glahn et al. [21] .
MSIA AND ALBUMIN PROTEOFORMS
Our MSIA measurements comprise albumin proteoforms from a cross-sectional study of 283 patients with Type 2 diabetes mellitus. Glycosylation [28] and cysteinylation [18] of albumin are two important post translational modifications that have been associated with advanced chronic kidney disease (CKD). Here we explore the association of these proteoforms with chronic kidney disease (CKD). Table ( 3.1) shows a small subset of the raw data. The first column is the sample identifier and the remaining 9 columns represent the raw peak areas of the 9 albumin post translational modifications. The most abundant form is called wild type and is denoted by "wt". The cysteinylated proteoforms are annotated with ".cys" and the glycosylated proteoforms with ".gly". The proteoforms annotated with "des" are truncated forms of wild type protein. The data matrix consists of 283 rows and 9 columns. Each row being a composition and thus a point in S 8 which is the space of 9 part composition given by
This is an 8 dimensional simplex embedded in the 9 dimensional real vector space R 9 . Typically additional information may be present that provides clinical status associated with each sample. In our data, we have 2 additional columns. One gives the CKD status of the patient and the other gives the value of the glomerular filtration rate (GFR) for the patient. GFR is used to determine the health of the kidney and classify the patient in one of the three CKD status (low, medium or high).
The simplex S 8 is a Hilbert space with a metric defined by equation (2.10).
Here D = 9 and g 9 (x) is the geometric mean of vector x ∈ S 8 . In our analysis we will use the centered log ratio transformation which is given by equation (2.9).
The centered log ratio allows us to look at all the proteoforms and gives a covariance matrix that is more interpretable than the original composition, and is suitable for exploration using the principal component analysis (PCA). Table (3.3) gives the centered log ratios of compositions from Table ( 3.2) . Note that centered log-ratios now sum to zero for each sample. For some proteins a naturally occurring native or highly abundant form exists. In applications where there is such a highly abundant form, it is the ratio with this form that is often of most interest. In such cases, an alternate co-ordinate system named the additive log-ratio transform (equation 2.2) may be more useful. Additive log-ratio transform is also useful in parameter estimation in linear models when all proteoforms are included as a multivariate outcome. We illustrate below the use of this transform in our inferential analysis on the association of the albumin proteoforms with CKD (see Chapter 4). Standard multivariate methods, as well as multiple regression techniques, can now be applied to these appropriately transformed data.
Normalization of proteomic measurements as compositions
In addition to providing a convenient structure to apply the usual multivariate analyses methods, the co-ordinate transformations in the compositional setting also performs a normalization of the data.
When a convenient reference standard exists, it may be included in the MSIA assay [19, 27] . The reference standard is used to determine the absolute concentrations of the proteoforms from a calibration curve. Typically, it is a modified version of the protein with a known mass to charge ratio. If poorly matched to the target protein, however, the reference standard may increase the variability in the calibrated data. For our dataset, no reference standard was used. In this situation, taking compositional nature of the data into account and applying appropriate transformations provides a normalization scheme with noticable reduction in the total variability of measurements. Formal comparison measures of variability are as yet unknown since the transformed values have one lower dimension that the raw values.
Interpretation of principal component analysis
Aitchison (see [2] ) discusses the difficulty of interpretation of the principal component analysis (PCA) on the raw data. In particular, issues arise due to lack of spherically symmetric distributions. This is dealt by the use of logistic normal distribution (equation 2.3).
The centered log ratio transformed composition gives an isotropic invariant covariance structure from which a measure of total variability of a composition can be expressed as
and the principal components become orthonormal log linear contrasts. Subcompositional coherence is compatibility of inferences between the full and a subset of the proteoforms.
Such coherence in inference is guaranteed by the compositional framework [3] . We demonstrate this coherence in the analysis of our example below. It is also shown how ignoring the constraint can lead to misleading interpretation of the data. 
Relative variation biplot

Results without the unit sum constraint
We now look at a similar analysis with log transformed raw peaks of the proteoforms. Figure (3.3) is a form biplot and Table ( 3.6) contains the results of regression of the log transformed raw peak areas with GFR. Consistency between the part, i.e the univariate analysis (Table 3 .5), and the whole composition, i.e. the principal component analysis using all proteoforms (Figure 3.2) , is evident for analysis done with centered log ratios. The proteoform "wt.gly.gly" does not carry information about the health of the kidney of the patient. This consistency is absent between the univariate analysis (Table 3 .6) and the corresponding PCA (Figure 3 .3) done with the log transformed raw peaks of the proteoforms.
As seen in this example, consideration of compositional structure brings added insights into the covariance structure of the components and vindicate the use of standard analytical tools. This is consistent with observation in Lovell et al. [16] , that use of compositional framework may not lead to dramatically different results across the board but the application of Aitchison distance (equation 2.10) provides more meaningful insights.
INFERENTIAL ANALYSIS WITH ALBUMIN COMPOSITIONS
In order to understand the change in the nature of albumin compositions that are associated with CKD status, we perform a multivariate linear regression of the compositions with continuous measure of CKD status, namely GFR. Additive log ratio with respect to wild type albumin is used as a response. GFR has been measured in units of volume per time (mL/min). We will follow Billheimer et al. [7] , in conducting and visualizing this multivariate linear regression analysis.
The regression equation is given by:
Here β 0 and β 1 are vectors in R 8 and x GFR is the mean of GFR. The inverse of additive log ratio (equation 2.2) is:
Applying such an inverse transform φ −1 wt , i.e. inverse of the additive log ratio with respect to wildtype, to equation (4.1) gives:
Thus the equation (4.3) shows that ξ which is the location vector of the composition is perturbed by γ for each unit increase of GFR. This provides a compositional interpretation of our regression. The uncertainty in these estimates can be represented by the image under
wt of the confidence regions estimated in R 8 using the multivariate normal distribution. We display such a confidence region for γ computed on amalgamated data in Figure ( 4.1).
The following table gives the estimates of ξ and γ from the multivariate regression model. The deviations in Table ( 4.2) show that GFR is positively associated with wild type and decreases as relative abundance of the cysteinylated variants increases. Note that GFR is inversely related to CKD status. This analysis demonstrates the consistency in inference between different co-ordinate systems and across the dimensions (univariate vs multivariate) when using compositional framework.
Visualization of the regression estimate
The Table (4.2) shows that there are groups of albumin proteoforms that are influenced similarly by changes in GFR. There are 3 such groups, namely, cysteinylated variants, only glycated variants and the third consisting of wild type and truncated variants. Amalgamating the variants in these three groups gives us a convenient visualization scheme in terms of the ternary diagram [13] .
The variables "wt.cys.gly", "wt.cys.gly.gly", "wt.cys" and "des.DA.cys" are amalgamated into the "cys" variable. The variables "wt.gly.gly" and "wt.gly"are amalgamated into the "gly" variable. The variables "wt", "des.DA.cys" and "des.D" are amalgamated into the "wt" variable. Multivariate regression is then performed using the additive log ratio (equation (2.2) of "cys" and "gly" variables with respect to the "wt" and GFR as covariate. The estimate is mapped back to simplex, γ = (0.332,0.333,0.334) for the cys, gly and wt variables, using the inverse additive log ratio (equation 4.2). This results in the ternary diagram (Figure 4.1) where we simultaneously visualize the sample compositions as well as the regression estimate. Here we will plot the estimate for 100 mL/min change for purposes of better illustration. The variables "wt.cys.gly", "wt.cys.gly.gly", "wt.cys" and "des.DA.cys" are amalgamated into the "cys" variable.
The variables "wt.gly.gly" and "wt.gly"are amalgamated into the "gly" variable. The variables "wt", "des.DA.cys" and "des.D" are amalgamated into the "wt" variable. The grey dot represents the origin (O 2 ) of the simplex. The solid black triangle, the estimate of GFR for every 100 mL/min increase (γ 100 ). The estimate γ is from a multivariate model using the additive log ratio of compositions as response and centered GFR as a covariate (see equation 4.3). The blue contour represents the 95% confidence region for γ 100 . The dotted lines partition the triangle into 3 regions. The relative abundance of the amalgamated proteoform represented by the vertex is the highest for points in that region. 
SOME REMARKS ON THE MSIA PROTEOFORM ANALYSIS
The multivariate exploration of albumin proteoforms highlights the importance of the cysteinylated proteoforms of albumin in the prognosis of diabetic patients with CKD in our data. Such insights are absent from the analysis that does not take the compositional constraint into account. Recently, Borges et al. [8] have shown that cysteinylation of albumin can result from sample storage or handling. In such cases, the consideration of compositional framework can reflect on the quality of the data. Thus such analysis brings about better understanding of the roles of cysteinylated versus glycated proteoforms of albumin in the prognosis of CKD or serves to provide a quality check on samples. The compositional framework also provides a convenient and interpretable normalization scheme. In the albumin proteoforms this means that the variability such as batch effects due to antibody used for immuno affinity capture is normalized. In general, all non-proteoform specific variability is reduced.
GENERALITY OF THE COMPOSITIONAL FRAMEWORK
Gene expression as measured in RNA-Seq is a relative abundance of the transcript counts.
The total counts are constrained by the sequencing capacity. Thus a gene transcript ex- is employed in diverse applications such as exploring the biodiversity of habitat [25] , common pathogens in clinical settings [20] or classification of the microbes into genus [11] and phylogeography [10] . Cell fractionation techniques or size selection similar to proteomics is often used in sample collection to create homogeneous populations of cells and enrichment of the target DNA [26] . These methods impose a compositional constraint due to scale invariance. Statistical analysis of such data can benefit from the use of compositional framework [15] .
THE PROBLEM OF ESSENTIAL ZEROS
One limitation of compositional approach is worth mentioning. This is the problem of essential zeros. Essential zeros arise when zero is valid value for some parts of the composition. This is distinct from the inability to detect a signal due to the signal being lower than the limit of detection. Such below the detection limit zeros are called rounded zeros in the compositional literature. An example of essential zero arises in a compositional data consisting of family budgets. Some families may not consume alcohol and hence the money allocated to this expenditure may be zero.
In proteomic applications, zeros are often treated as rounded zeros (e.g., below detection limit). Thus rounded zeros are often replaced by multiplicative strategy. In this strategy, the zeros in a composition are replaced by small non-zero values. To maintain unit sum constraint, the non-zero components are multiplied by a suitable value. In our data set, we replaced the zero values in raw peak areas with half of the lowest non-zero terms for that proteoform, before computing the centered log ratios or the log transformations. A detailed discussion on zeros as well as the several methods of dealing with rounded zeros can be found in Martín-Fernández et al. [17] . An important point to note is that, samples with a part value as zero lie on a face of the simplex. The support of the d dimensional logistic normal distribution, L N d excludes these lower dimensional faces. Thus problems arise in extending the metric from the compositional Hilbert space to these faces.
CONCLUSIONS
The results of the exploratory analysis of albumin data using compositional data framework shows that changes in the proportions of the cysteinylated albumin proteoforms can reveal information about the status of the chronic kidney disease in an individual, or indicate issues with data storage and handling ex vivo. This analysis implies that MSIA assays can be used to explore the clinical role of post translational modifications of a protein.
Compositional framework is essential in inference related to such relative proportions data.
The framework provides for normalization of data and also validate the application of conventional multivariate analysis techniques. It provides for consistency between analysis of the part and the whole composition through the principle of subcompositional coherence.
Ignoring the limitation imposed by the summation constraint in these relative proportions data, as is often the case, can result in loss of valuable insights or worse, lead to misleading conclusions.
